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Abstract 

We have found that supersymmetry (SUSY) in curved space is broken softly. It 
is also found that Pauli-Villars regularization preserves the remaining symmetry, 
softly broken SUSY. Using it we computed the one-loop effective potential along a 
(classical) flat direction in a Wess-Zumino model in de Sitter space. The analysis 
is relevant to the Affleck-Dine mechanism for baryogenesis. The effective potential 
is unbounded from below: Veff{4>) —>■ —?)g‘^H‘^(tShi(tP‘/lQp, where f is the scalar 
held along the hat direction, g is a. typical coupling constant, and H is the Hubble 
parameter. This is identical with the ehective potential which is obtained by using 
proper-time cutoh regularization. Since proper-time cutoh regularization is exact 
even at the large curvature region, the ehective potential possesses softly broken 
SUSY and reliability in the large curvature region. 


1 Introduction 


A scalar field can effectively be considered as massless, if its mass m is mnch smaller 
than the Hnbble parameter H. Snch a scalar held has a hat direction in the held 
space along which the potential does not vary. 

Onr interest in hat directions is motivated by their nse in the Afheck-Dine mech¬ 
anism [0] for baryogenesis. In their scenario, jnst after inhation the scalar held along 
a hat direction has a large expectation valne of the order of the GUT (Grand Uni- 
hed Theory) scale and can be associated with baryon nnmber violating operators. 
The large expectation valne is dne to qnantnm hnctnation of the scalar held during 
inhation. At the epoch right after inhation the Hubble parameter may be of the 
order of the GUT scale or the intermediate scale ( lO^^GeV). After inhation and 
when the Hubble parameter becomes of the order of the supersymmetry (SUSY) 
breaking mass m (that is of the order of the weak scale ~ lO^GeV), the scalar held 
begins to fall down along the hat direction toward a true minimum of the potential. 
A condensate of the scalar held (say the squark held) possesses a baryon number 
density which is gradually diluted by the expansion of the universe, and hnally de¬ 
cays into lighter particles. The large initial valuef] mean guarantees a large baryon 
to photon ratio which could be larger than the observed. In their scenario it is a 
hat direction that gives such a large initial value. 

In reality the Afheck-Dine mechanism works well in supersymmetric unihed theo¬ 
ries because a globally supersymmetric model often has (exact) hat directions^ and, 
what is more important, the (exact) hat directions are free from quantum correction 
due to the non-renormalization theorem |^, 

With a soft SUSY breaking mass m, on the other hand, the potential along 
the direction receives logarithmically divergent radiative correction proportional to 
the soft SUSY breaking mass squared m^. But logarithmically divergent correction 
is much milder than quadratically divergent. If the soft SUSY breaking mass is 
small, quantum correction is also small. Therefore the hat direction is still hat 
approximately. 

Although our motivation for use of hat directions comes from cosmology, it is 
not known if hat directions in curved space are (ehectively) hat or not including 

^ The initial conditions are set at the epoch (right) after inflation. 

^If there is no constant term in a potential, (exact) flat directions are zero energy states, where 
SUSY is unbroken. 
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quantum correction. To understand it is the purpose of this paper. Hereafter we 
refer to flat direction at tree (classical) level as flat direction. More specihcally, we 
evaluate the one-loop effective potential [|, |^, along a flat direction in de Sitter 

space. De Sitter space is of particular interest since the inflationary phase of the 
universe is described by this space. Therefore the shape of the potential along flat 
directions in de Sitter space is crucial to the Aflleck-Dine mechanism. 

In this paper we consider renormalizable models that reduce to global (N=l) 
supersymmetric models in Minkowski space limit.^ Although we study supersym¬ 
metric models in de Sitter space, we do not know how to characterize this symmetry 
because SUSY in curved space is broken. We must know what kind of SUSY-like 
symmetry remains in de Sitter space. The calculation we perform must respect this 
symmetry if it is ever possible. Note that the renormalizability in curved space 
allows a curvature coupling, or the conformal coupling, —^TZcj)"^ Since the 

scalar curvature TZ is given hj TZ = in de Sitter space, if ^ is of the order of 

unity, the direction is not flat even at tree level. 


2 Softly Broken SUSY in Curved Space 


2.1 Softly Broken SUSY in Curved Space 


We see that global SUSY is broken softly in curved spaceQ, e.g., de Sitter space. A 
theory with softly broken symmetry is characterized by the following two conditions [T^ . 
One is that the new divergences which the theory contains other than symmetric 
one does all appear in the operators with dimension smaller than four. The other is 
that the strongest superficial divergence remains unchanged even in the theory with 
softly broken symmetry. 

For simplicity we will treat the Wess-Zumino model with a superpotential 


In curved space 


P 



e-^C = ^ (ADA + BUB + 






( 1 ) 


^In Ref. 1^ the one-loop effective action of N=1 pure supergravity model in de Sitter space is 
studied. 

"‘in anti-de Sitter space there exists global SUSY|^ because of its maximal symmetry, but in 
de Sitter space this is not the fact. 
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+m{AF - BG+ -'ip'ip + g ij{A - + F{A^ - B^) - 2GAB (2) 


where A is the real scalar held, B is the real pseudoscalar held (cj) = {A + iB)/\/2)^ 
and '0 is the Majorana spinor held. F and G are the auxiliary helds in the scalar 
(chiral) multiplet. We include the curvature coupling with the scalar curvature TZ. 
m is the supersymmetric mass. In hat space limit this Lagrangian is invariant under 
the supertransformation: 


5 A 

6F 

6'ifj 


6B = 

—ieT/hl), 6G = — 


i^A + F 


+ G) 


e, 


if we choose e constant. In curved space this is not the fact: 


e-^5C = V^e- 


—Tp{A — 75 !?) ■ + im{A + 755 ) 7^-0 

e^TZ{A + 75 i ?)-0 + gV^e ■ + 275^5)7^0 


^ 0 . 


( 3 ) 


( 4 ) 

( 5 ) 


To see that SUSY is broken softly we must pick up all the divergent IPI diagrams 
at one-loop order. It is done by expressing the propagators in momentum represen¬ 
tation [pT| ^ 


(kl(x)kl(x')) = {B{x)B{x')) 


n + ^n-m 


;S{x,x') 


d^k . 


= I 


ik-{x—x') 


(2Tr)‘ 

n 


kP' + m 
2 7labk°‘k 


6 (/c^ -|- w?y 3 -|- m?Y 


2 ^ V6 V(F + m2)2 

+ oin^^A 


(0(a;)0(Y)) = 


iTpx F m 
. r d'^k , 


5{x, x') 


= i 


(2vr) 


ik-{x—x') 


Ijt + m TZ ^ 


kP F m? 8 {kP -|- mp)" 


TZ Ji F m 2_ ^ Ji F m 

'T2(fc2:f7^^ ^ ) 


^We use Riemann normal coordinates in obtaining the expressions . 


( 6 ) 

(7) 


( 8 ) 

( 9 ) 


( 10 ) 
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{A{x)F{x')) = —{B{x)G{x')) = —m{A{x)A{x')) 
{F{x)F{x')) = {G{x)G{x)) = i6{x,x') + m^{A{x)A{x')). 


( 11 ) 

( 12 ) 


We can find that one, two, and three point vertex fnnctions are logarithmically 
divergent and divergence due to the curvature appears only in one and two point 
vertex functions. Superhcial degrees of divergence is unchanged in each vertex func¬ 
tion. From the above argument it can be deduced that the curvature acts as the 
soft SUSY breaking mass. See Table |^. 


Dim. of 
operator 


Degrees of divergence 

SUSY 

Broken SUSY in curved space 

cubic —nothing 

quadratic —logarithmic 

linear ^ logarithmic 

logarithmic —> logarithmic 

cubic —logarithmic 

quadratic —logarithmic 

linear —logarithmic 

logarithmic —> logarithmic 


1 

2 

3 

4 


Table 1: This table shows the structure of divergence appear in the coefficients of 
operators. The left hand side of each arrow is the superhcial degrees of divergence 
and the right hand side is its actual degrees of divergence. 


The reason why we can get such observations is as follows. One-loop diagrams 
which contribute to the one point function cancel one another in exactly supersym¬ 
metric theories while each of them diverges quadratically. In de Sitter space (or in 
curved space) the curvature dependent part breaks cancellation but it just gives loga¬ 
rithmic divergence because a propagator is expanded by power of 7?.x (momentum)”^ 
( see Eqs. (||) and (|I0D). One-loop contribution to the two point vertex functions 
is non-vanishing even in exactly supersymmetric theories and gives logarithmic di¬ 
vergence. Moreover, one-loop contribution from the curvature dependent parts ex¬ 
ists and is logarithmically divergent just like the case of one point function. The 
three point function diverges logarithmically even at each graph, so the curvature 
dependent parts are hnite. A reason from another point of view is explained in 
Appendix p. 

In this paper we consider that all the suitable regularizations for SUSY in curved 
space must satisfy the Ward-Takahashi identity for softly broken SUSY. 
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2.2 Ward-Takahashi Identity for Softly Broken SUSY with 
Pauli-Villars Regulators 


We derive the Ward-Takahashi identity for softly broken SUSY. We adopt Pauli- 
Villars regularization as a candidate of suitable regularization for softly broken 
SUSY in de Sitter space. It is manifestly supersymmetric in exactly supersymmetric 
theories ||T^, Q. To check if Pauli-Villars regularization satisfies the Ward-Takahashi 
identity or not we write down the total Lagrangian with the regulators. The super¬ 
potential with the regulators is as follows 


P 


mi(pi^ + 


3 


ijk 


(13) 


To regularize all the divergent diagrams the regulator helds have the same coupling 
constant with the physical field: 


9ijk 9 ■ 


( 14 ) 


We obtain the Lagrangian; 

1 r 


e ^^tot — ^ -|- BiOBi -\- iiljilpilji -1- Bi^'] 

■ C-j' 

I ^ 

+mi{2AiFi - 2BiGi + + 9 Y + Fi{AjAk 


ijk 


-B,B,) - 2G,A,B,] + Y [4 A + JbB, + F^F, + 


1 r 


Ci 


+ E - K^dAduAi + + m,{KAAi + KbB,) + ^K'aA^ 


+K'BBi) xfji + g Y, ^KA’iAjAj -|- KB^BiBj + 2KAB^iBj 'ipk- ( 15 ) 

ijk 


Js are the sources of the bosonic helds and rj is the source of the fermionic held. Ks 
are the sources of the composite operators which appear in the hrst variation of the 
Lagrangian Eq.^). To regularize all the divergent terms we need the Pauli-Villars 
constraints J2i Citrii^ = 0 for p = 0,1, 2 where Cq = 1 and mo = m. The regulators, 
which have i = 1, 2, • • •, have adjustable masses which we set inhnite after all the 
calculations, q is the function of mjS.|^ The supertransformation of the total action 

®We can get the explicit form of Ci as follows. Ci = —(rrij — m){mk — m)/(mj — mi){mk — rrii) 
for i A h 3 ^ k A i- T we set mi < m 2 < m 3 , then ci, C 3 < 0 and C 2 > 0. But we do not 

need the explicit forms of c^s. 
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IS 


SStnf. = 


f r 1 

J d^xe ^ - 'ybBi)Ydi + im{Ai + 755 ^) 7 '"^^} 


- J2 —+ Ba^)di + 9YI - BiBj + 2')^AiBj)Ydk 

i ijk 

-eY^^diJA + IbdiJB + ■ "^F + ■ Jg 


+ {i^Ai - Fi- i^Bi')^ + G*75)7*} + (-ft'-terms) 


(16) 


It is translated to Ward-Takahashi identity by using generating functional Z[J, rj, K] 
as follows 




S 


dA 


lY 


S 


6 


5K, 


75 


-eR 


S 


5K' 




5 


5 


-75- 


SKb 
5 


6Ka2 5Kb2 SKab 


■ U ir, ^ ^ ^ 

-FtiT - *7^757 + 757 


5Jl 


5Fr 


+ (i^-terms) 


Z[J,7],K]=0. (17) 


Using the connected generating functional lU = —f In Z we define the effective action 
as follows 


r[.^, i/>, K] = W[J, tj, K] - j d*xe[j ■ifi + 'ip-'ri)- 


(18) 


Here we denote the bosonic classical helds by (j) and the fermionic one by d- Then 


-r[0,^,ir] 


44 = t^W[J,v,K], r^ix) = --^T[Yd,K] 


6ri{x) 


ddix) 


Q(x) = Yt:-W[J,,iK\ = Y^T[d,A’,K], 


SK(x) 


SK(x) 


( 19 ) 

( 20 ) 
( 21 ) 


where Q{x) represents every composite operator. We obtain the Ward-Takahashi 
identity for the effective action 




6r 6r 

dA 


%Y 


6r 

sTa 


75 




SK, 


B 
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( 22 ) 


-tJl\ 


Mr isr \ 


5r 


5r 


- 75 - 


6r 


+^-E 


' 6Kab 

-+ T7775'0i + + ^TTT^sV'i + '>'1 TTT^f^^i 


Mi 5Bi 


5Fi 


5G, 


5ipi 


(5r (5r 

-YT^i ~ \ + (^-terms) 

dipi oipi oipi 


= 0 . 


All the fields in effective actions are classical fields, although we do not make no 
distinction between a classical field and a quantum one in notations. In the previous 
subsection we found that the divergent parts of the effective action are those of 
one, two, and three point vertex functions. Three point function diverges only at 
the curvature independent part, supersymmetric one, so we do not need to check 
the Ward-Takahashi identity for three point functions. We do not need the K- 
terms explicitly, because in deriving the Ward-Takahashi identity for n-point vertex 
function we do not differentiate by K and do set them zero after the differentiations 
with respect to fields. 


2.3 One Point Function 

In this section we check the Ward-Takahashi identity for one point vertex function. 
We differentiate Eq.(p^ with respect to and set all the fields and the sources 

of composite fields zero. We obtain 

52r 


J dt^xe -V^e ■ 


+ 75 - 




— ix 


(52r 


-75 


6^r 


5'i/jj{y)6KB 

6^T 


-m 

6^T 


Sijj{y)6K^A HjWK^dB 

6‘^r ^2^ \ ^ . 


5ipj{y)6KA 

M . 


6i>j{y)6K'A 6iij{y)6K'B 

6‘^r \ 6r 


- 75 - 


6i>j{y)6KA2 6i>j{y)6KB2 6i>j{y)6KA 


+ e 


6A, 


6{x,y) 


= 0 . 


(23) 


This is the non-trivial Ward-Takahashi identity for one point vertex function. Then 
we calculate the all the terms of the left hand side of Eq.(]23|) at one-loop level. We 
begin with the explicit computation of the first term in Eq.( 

521+1 


5yd [y>)3K^Qj^{x) 


= - f d^ui'il^fiy') —duxAi{x) ■ i)i{x)Cint{u)) 

J • C-i 

I ^ 

= 2g [ d'^ueu{i)f{u)i}f{y'))Y-{'^ii^)M^)) 


■{d^^Ai{x)Ai{u)). 


(24) 
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We obtain the first term in Eq.( 


6‘^ri 


6i)j{y)6K^QA{x) 


-‘^W^—{'fpi{x)iJi{y)){dyxAi{x)Ai{y)) 

C 7 , 

f) 

^VT. 




+ rrii 


5{x,y) ■ 


+ mi- 


5{x,y). (25) 



Fignre 1: One Point Fnnction ('0)tr (i) 


This diagram (Fignre |l[) is qnadratically divergent. Bnt it does not contribnte to 
the effective action at all becanse we set all the sonrce terms zero. 

Also for the second term, via the connected two point fnnction: 


5^Wi 


{y')5Ki^B{x) 


= - f d^uiijfiy') ^ —dy^Bi{x) ■ '4)i{x)Cint{u)) 

J • Cn 

I 

= - 2 ^ / d\eu{^ijiu)^jjf{y'))'^-{'^pi{x)ilji{u)) 

J • C 7 ' 


(26) 


and we obtain (Fignre H) 

x2r 1 

r, / / X = 2igY,-{'4^i{x)'ipi{y))-i^{d^:,Bi{x)Bi{y)) 

5ijj{y)5KlB[x) Y O 




Ci 


iTp^ + mi 


d{x,y)-^^ 


du 


+ mi 


;5{x,y). (27) 


Likewise we obtain 

.^^Pi 

6'iij{y)6KA{x) 


m. 




= 2^gJ:.:f^S{x,y) 

Y iip^c + rrii 


^x + iB.- mi 


r<5(a:,2/), (28) 














Figure 2: One Point Function (ii) 


(5^Fi TD ■ — 

S,p,{y)SK,(.) = 

= -2ig'£-y^^S(^.yh^- ' 


iTpx + rui 


+ mi 


(29) 


x2-p c 

iUvmrix) = -2'9Ef«'<WV-.fe)>{4:(^)-4i(!,)) 


= 2i^^T 


Cii 


iTp^ + m., 


■5{x,y) ■ 


^x + i'Tl- rrii 


;6{x,y), (30) 


and 


e I f ^ = ‘^i9j2-(Mx)My)h5{Bi{x)Bi{y)) 

dipj[y)dK'B[x) ^ Ci 


= -2igY.- 


Cii 


-5(x,2/)75 


;5{x,y). (31) 


+ "" U^ + ^TZ-rrii'^' 

Finally we calculate the one point vertex function of the real scalar A. One point 
function is 

^hFi 




= i J d\{Aj,{y')Cint{u)) 

= W J d%eu'Y^{Aj,{y')Aj:{u)) -ti {'ijji{u)^i{u)) 

i 

+2{Fi{u)Ai{u)) - 2{Gi{u)Bi{u)) 

We obtain the non-vanishing one point vertex function (Figure ^) 

= f/Il[tr(V’i(l/)^i(l/)) - ‘^{Bi{y)Ai{y)) + 2{Gi{y)Bi{y)) 
1 Arrii 


(32) 


= 'SH' 


tr 


iTpy + mi Uy + ^TZ- mi^ 


Hy^y)- 


(33) 
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Figure 3: One Point Function {A)tr 


Inserting all of them into left hand side of the Ward-Takahashi identity for one 
point function Eg. (p3D we can see that it is satishedF Note that the third line in 
Eq.(p3D is zero itself. 


2.4 Two Point Function 

In this subsection we check the Ward-Takahashi identity for two point vertex func¬ 
tion. We explicitly check one of them, Ward-Takahashi identity between real scalar 
and spinor two point functions because others are done in the same way. To do that 


we differentiate Eq.(|22|) with respect to 'i/jjiy) and Ak{z) and set all the helds and 
the sources of composite helds zero. We obtain 


J d^xe -V^e ■ 


(J^F 


+ 75 - 


6^r 


-in 


5Ak{z)5'iljj{y)5K'^A 5Ak{z)5'iljj{y)5K^QB 

/ 5^T (J^F 


\6Ak{z)6^/Jj {y)6KA '^^'6Ak{z)6i)j {y)6KB . 

+ 75Ti-T7y73r7yyT^ j + ( 


SAk{z)Sipj{y)6K'A SAk{z)S'ipj{y)6K'B- 

s^r (j^F 


6Ak{z)6i)j{y)6KA2 SAk{z)6il)j{y)6KB2 
+e 


75 


.dAk[z)dAj 6ipj[y)di)k 

The hrst term is obtained from a two point function: 

__ 

5.nA{z')5yi' {y')5Klj^{x) 


SAk{z)S'iljj{y)6KAB 
= 0 . 


^ The inclusion of linear Ai term in the potential amounts to a trivial relation like Eq. 
tree level 


(34) 


at 
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If 1 

- / (fu(fv^—{Ak^{zi)'il)j^{yi)d^xAi{x) ■'il)i{x)C 

^int (v)) 

Z J 4 


= -Ag'^ / d^ud!^veuev^— {Ak'{z')Aki{u))l(il)ji{v)i}ji{y')) 

il 

■(9i.a:A(a;)A(^^))(^i(a;)^i(M))(V’z(a^)^z(^)) + {Ak'{z')Aki{y)) 

■ {i)ji {u)^y (?/')){{dyxAi {x)Ai{v)) {Ai {u)Fi{v)) + {d^xAi {x) Fi{v)) 


■{Ai{u)Ai{v 


x)^l)i{u)) H- 


( 35 ) 


The irrelevant part is omitted in the above expression. From the above equation we 
can read off the corresponding vertex function (Figure 

^^Fi 


5Ak{z)5\ljj{y)5K'^Ai.x) 

1 r 


Ag"^^— {d^xA{x)Ai{y)){'ipi{x)-il)i{z)){'il)i{z)-il)i{y)) + \^{d^xAi{x)Ai{z)) 
il 


■{Ai{y)Fi{z)) + {dyxAi{x)Fi{z)) {Ai{y)Ai{z 


= -Aig'^ CiCi 

il 

1 




^x + ^F- rrii'^ 

d„, 


■ T 


iTpx + m, 


x)iJi{y)) 


■6{x, z) 


ilp^ + mi 
^ mid, 


^{z,y) - 


mi 


;6{x, z 


a^ + ^TZ- mi"^ 
1 


6{x, z) ■ 


mi 


□ . + e7^ - 771,2 




n +^n- mi 


;S{y,z) 


iTpx + m, 


■5{x,y) 


(36) 



A/g 

Ai aA 





A, VK Ai Vi Vi V 



Figure 4: Two Point Function {'ipA) tr(i) 


..A 




which is linearly divergent. In the same way the two point vertex functions with 
composite operators are calculated (Figure ^ and 

^^Fi 


6Ak{z)6'ipj{y)6K'^B{x) 
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a 

■{Bi{y)Gi{z)) + {d„xBi{x)Gi{z)) {Bi{y)Bi{z 


= Aig^ ^ dCi 
il 

1 


d,. 


n^ + ^TZ- nii 


Mx,y) ■ - 


i% + m, 


i% + mi 

_l_ mjdi 


Siz^y) - 


d„ 


^x + iTl- mi 


;6{x, z 


Ox + ^TZ- mi^ 
1 


S{x, z) 


x)My)) 

6{x, z) 

mi 


75 


Uy + ^n- m{^ 


Ky^z) 


U +^TZ- mi 


i^{y,z) 


iTpx + m. 


■5{x,y) 


75, (37) 



+ 





+ T" 



3. 


:3. 


Ai B, B, M Ai G, B, 'K Ar V, V, V, 


Figure 5: Two Point Function {ijjA)tr{ii) 


5^Ti 


6Ak{z)6ijj{y)6KA{x) 
2 ^ mi r 


il 


= {Ai{x)Ai{y)){^lli{x)^lli{z)){^lll{z)^lJl{y)) + {{Ai{x)Ai{z)) 


■{Ai{y)Fi{z)) + {Ai{x)Fi{z)){Ai{y)Ai{z 


x)i)i{y)) 


= -Aig^ CiCimi 


i% + m, 


A{x^ z) 


iTp^ + mi 


5{z,y) 


Dx + ^77 - mi 


2Kx,y) 


□j; + — m, 


i^5{x,z) ■ 


+ mi 


(38) 


(J^Fi 


6Ak{z)6'i/jj{y)6KBix) 

-Ag^Y — \(Bi{x)Bi{y)){'ipi{x)'ipi{z)){'ipi{z)iji{y)) - {{Bi{x)Bi{z)) 


■{Bi{y)Gi{z)) + {B,{x)GY)){Bi{y)Bi{z 


x)i^i{y)) 


75 
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= CiCiuii 


-S{x, z) 


iTpx + rrii + mi 

mi + mi 


5{z,y) 


U^ + ^TZ- mi 


Ax,y) 


^x + i'Tl- mi 


i5{x,z) 


□2 + ^ 7 ^ - my 


^{z,y)z 


iTpx + m, 


■5{x,y) 


7^ (39) 


5^Ti 


6Ak{z)6^/jj{y)6K'Aix 

^ r 


= 4:g‘^'^-[{Mx)My)){M^)Mz)){Mz)My)) + [{Ai{x)Ai{z)) 


C- L 
il 


■{Ai{y)Fi{z)) + {Ai{x)Fi{z)){Ai{y)Ai{z))]{'ipi{x)'4)i{y)) 


= -4*5'^ CiCii 


-S{x, z) 


iTp^ + mi ’ iTj)^ + mi 

mi + mi 


Kz,y) ■ 


U^-y^n- mp 


6{x,y) 


and 


+ rrii^ 

5^Vi 


5{x^ z) 


□2 + ^ 7 ^ - my 


Kz,y) ■ - 


iTpx + mi 


6{^x,y) 


(40) 


5Ak{z)5^j{y)5K'B{x 

i 

c 


= -4^9^Y-[(^i(^)^i(y))iM^)Mz)){i^i{z)'ipiiy)) - {{Bi{x)Bi{z)) 


■{Bi{y)Gi{z)) + {B,{x)G,{z)){Bi{y)Bi{z 


x)My)) 


= Y Gcii 


iTpx + m, 


■S{x, z) 


;S{x, z) 


Upz + rni 

mi + mi 


^{z,y) 


75 

1 


^x + iB,- mi 


-Ax,y) 


Az,y) ■ 


5{x,y) 


n^ + SJZ- mi^ U^ + ^IZ- 771(2 yjp^ 

A two point function with a composite operators(^^ 2 ) is 

5^Wi 

SJa {z')Sr]^'{y')5KA^ (a;) 

= -ig / d%Y^^k'{z')^f{y')Ai{x)Aj{x)'4)k{x)Cint{u)) 

ijk 

= Aig‘^ f d\euY[(^k'{z')Ak'{x)){ijf{u)ijf{y')){Aj{x)Aj{u)) 

'' jk 

•(7/>fc(a;)7/>fc(M)) + {Ak'{z')Ak,{u)){%ljj\x)i)j\y')){Aj{x)Aj{u)) 
■{Ak{x)Fk{u)) + ■ • 


7^ (41) 
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= / d‘^ud^veueyY^\^{^{x,v){Aj{v)Aj{u)){i}k{v)'4)k{u)) 

jk 

+5{x,v){Aj{v)Aj{u)){Ak{v)Fk{u))YAk'iz')Ak'{v)) 


( 42 ) 


We obtain (Figure P) 
^^Fi 


6Ak{z)6il)j{y)6KA2{x) 

= - 4 *^^ '^{M^)My)) z){'ipi{z)'ijji(y)) + 6{x, y){Ai{y)Fi{z)) 


= 42/^qq - 2^{z,y) 

Y °:r +x - mi^ 


6{x, z)- 


iTp^ + rrii 


^{z,y) 


-5{x,y) 


rrii 


— rrii 




( 43 ) 


A,/ 


g 


■A, A 


'\Ai 




Y \|/ \|/ Ak " \|t^A, F, Ak 

Figure 6: Two Point Function ('0y4)jr(iii) 


In the same way we obtain (Figure and ||) 

SA(\SI( \sF ( \ ^ 4ic/2^^(a;,|/)(5i(?/)Si(2;))(S;(?/)S;(z)) 
dAk{z)d^l)j[y)dKBAx) ^ 


= - 4 *^^ CiCi6{x, y) ' - {y, z) 


U + — rrii 


□^ + ^7^ - mi 


;^{z,y), ( 44 ) 


and 


x3f 

1 


= -4i5(^^CiQh(a;,, 


□^ + ^7^ - mi 


y) ■ z;ffr— — y)lr>- ( 45 ) 

iip^ + mi 
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G a; 


Figure 7: Two Point Function {'ipA)tr{}'v) 


Bl,/g-y -2g^ ‘ 


Figure 8: Two Point Function {%ljA)tr{y) 


Finally we compute the real scalar two point vertex function (Figure P) and spinor 
one (Figure pT[) 




6Ak{z)6Aj{x) 


= -2ig‘^ 


ii 

- 4 I 1 + 


tr 


iTpx + m, 


■5{x, z) 


1 


m: 


^x + i'R-- rrii^ 
rrii 


>6{x^ z) 


iiPz + mi 
1 


5{z, x) 


□a; + 


^5{x,z) 


n, + in- mi^ 
m 


5{z, x) 


Uz + ^TZ- mi 


;6{z,x) 


(46) 


and 




s^/jj{y)Si>k{x) 


= Aig"^ dCi 


+75 T 


ii + mi 

1 


;S{x,y) 


iTp^ + mi 


S{x,y) 


iTpx + mi 


<^(a^,2/)75 


(47) 


Inserting all the vertex functions into left hand side of Eq.(|3^, we found the 
Ward-Takahashi identity for two-point functions satished. Other Ward-Takahashi 
identities for two-point functions which are obtained differentiating Eq. (^) with 
respect to Bk{z), Fk{z), or Gk{z) instead of Ak{z) can be checked in the same way. 
If we change the superpotential (|l]) as follows: 


P 


- Y + 

^ OL 


3 


'y ) fi'Q!/970a0/307) 


(48) 
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_^L_ 

Ak Ai Ai A 


__^_gL_ 

Ak Ai Fi A 


'"\G 

__ir2g___-2gL_ 

Ak Bi Bi A 




A, A 


+ 



Figure 10: Two Point Function {'ip'ip)tr 


then we obtain a Wess-Zumino model with many chiral multiplets which have various 
masses and coupling constants. Greek letters indicate physical helds. It is easily 
found that SUSY is broken softly in these models as well as the Wess-Zumino model 
with a chiral multiplet. Inclusion of their regulators is straightforward: 


P 




+ ^EE 9(y.0'y4^ai 

ijk ajS-y 


(49) 


The subscriptions (paOi 0/30) 07 O denote the physical helds and (pai, 0/3j, (p-yk where 
ijk 7 ^ 0, denote their regulators, respectively. 

If we set the coupling constant gi22 = 9121 = 9221 = \9 and others zero we obtain 
the same model with Wess-Zumino model with the hat direction which we shall 
study in Section 

Setting gci —>• gujCi in the one point vertex functions and g^CiCi —>• gmgijiCiCi 
in the two point vertex functions we obtained above, we found that Pauli-Villars 
regularization preserves softly broken SUSY in the Wess-Zumino model (Eq. (0)) 
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with general coupling (gijk)^ Because the coupling in Eq. (^51 ) can be regarded as the 
special case of Eq. (|^, Pauli-Villars regularization is suitable to the Wess-Zumino 
models (Eq. (@)) in de Sitter space. 


3 Wess-Zumino Model with Flat Direction (I) 


We compute a one-loop effective potential along the flat direction by using Pauli- 
Villars regularization. The simplest Wess-Zumino model that has a flat direction is 
given by a Lagrangian with regulators: 


e = 


+ BuDBu + iiljuT/hlJii + Fi^ + Gij^ 

i L/Cii 

+^ilZ{Ai^ + Bi^) + mii{2AiiFii — 2BiiGii + ’^utpu)^ 

-|-|l 2|j + {AiiA2j — BiiB2j)F2k — {BiiA2j + AiiB2j)G2k 


ijk 


+ — B2iB2j)Fik — 2A2iB2jGik^ + '4’li{A2j — 'y5B2j)'4’2k 


2 

+ -^2i(^li - lbBlj)i)2k 


(50) 


Flat directions are 


Au, Bu 7 ^ 0 and ^ 2 * = B 2 i = 0, (51) 

where 

Fii = —muAii — ^ '^(A2jA2k — B2jB2k) = 0, 

^ jk 

Gii = rriiiBii + g'^ A2jB2k = 0, 

jk 

F2i = —Tn2iA2i — g'^{AijA2k — BijB2k) = 0, 
jk 

G2i = fTi2iB2i -l- g y^(Ai,i?2fc + AikB2j) = 0 , ( 52 ) 

jk 

if ms and .^s are all equal zero. The Pauli-Villars constraints are cumu^ = 0, and 
T,i C 2 im 2 i^ = 0 for p = 0,1, 2. 

®In this case Pauli-Villars regularization does not regularize all the divergent diagrams. 
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We compute one and two point functions by using the regulators and n-point 
functions {n > 3) without regulators, since one and two point functions are divergent 
while others are convergent in a effective potential. Using the same procedure of 
previous section we obtain the non-vanishing one point function: 


= |ll[tr{V’2i(!/)V’2i(!/)) - 4(2l2i(!/)F2i(!/)) 


(53) 


We invoke the curvature expansion of propagators. The curvature expansion is 
sufficient for our calculations since the divergent parts are linear in curvature. Using 
propagators represented in momentum space in Eq. (|]) and (]TD|) we obtain 






= 2ig C 2 im 2 i 


d^k 


6 


7^ 


‘2g 

IbTT^ 


C 2 im 2 i ( ^ In + 0(Jl‘^), 


(F + 7712*2)2 
2 


+ 0(K^ 




(54) 

(55) 


where parameter /i is just introduced to make the argument of logarithm dimen¬ 
sionless while it does not contribute to the result at all because of the Pauli-Villars 
constraint. 

Next we calculate a two point function: 

i 


6Aik{z)6Aij{y) 


-2s'T.[MA2,U)A2i{v)){F2iU)FM) 

+4:{A2i{z)F2i{y)){F2i{z)A2i{y)) 
-tT{ij2i{z)ij2i{y)){ij2l{y)ij2l{z)) . 


(56) 


Using Riemann normal coordinates around x. 


2v- 

.. / xr. / X = 2*C/ 2^ C2jC2l 

dAik{z)dAii{x) y 

2{k ■ p) + m2j‘^ + m2d 


+ 


_YYjYLpi(k-p)iz-x) 

(27r)4 (27r)4 

(1 - 36)7^ 


k‘^ + m2j" 


2n,t,k^k^ 


+n 


2(/c2 -I-77i2j2)(p2 -I-7772/2) 3(^2 + 7772^2)2 3(fc2 + 7772j2)3 

4(1 - 3 ^ 2 )(^27 + m2iY + 5(fc ■ p) - 2m2jm2k 


12 (A)2 + 7772^2) (p2 + 


2 '12 


^ p2 2{k ■ p) + 7772j 2 + 7772/2 


+ C>(7^2 


6 (F + 7772 j 2 )(p 2 + 777272)3 

Setting k — p = q and performing volume integration of we obtain 

52ri 


(67) 


d zcz 


6Aik{z)6Aii{x) 
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= 2*5'^ C2iC2i 
jl 


d^k 


n 


( 1 - 46 ) 


+ 


ms/ 


(27r)^ [4(A:2 + msj^)^ Q{k‘^ + ms/)^ 

6(1 - 46)m2jm2i + 3(1 - 46)^2/ + 2(1 - 6^2)m2i‘^ 


12(/c2 + m2/)(P + msz 


2'|2 




IGvr^ V4 




m2jm2i ^ m2j + ms; ^ 


/i" 


"i2i - "l2Z "i2Z. 


+ C>(7^2) 

+ C>(7^2). (58) 


At the fianl step we used the Pauli-Villars constraint J2j C 2 j = 0. An effective action 
can be expanded in a field 


(x)] = r[ 0 ] + y d‘^xe^ 




6(j){x) 


/(x) 


1 


d'^xd’^yexCy 


0=0 


6(j){x)6(j){y) 


0(a;)/(z/) + ■ ■ ■ 


(59) 


z>=o 


and for a constant field we obtain an effecitve potential: 


V^(0) = -1/(0) + 


6r 


6(j){x) 


b=0 


</> + ^ / d^y^y 


6^r 


6(j){x)6(j){y) 


+ 


(60) 


0=0 


We set rriii = 0 to obtain exact fiat directions in fiat space limit. We take (Aio) = / 
and others are zero, since the direction is a fiat direction at tree level if 6 vanishes. 
The effective potential along the direction is written as follows 


K//(0) = + 

9 


m2i 




.2 


lOvr^ 




Ec2ZC2i - - 6 ^ 


m2im2j m2i + msj rr^ 




m2i-m2j m2j_ 


+ 


/(.#.) - f'(0)^ - ^/"(O)0" K + O(K-0, 


( 61 ) 


where the term —JTZcp/y^ is introduced for renormalization of linear term. The 
linear term does not affect one-loop calculation. The last line in Eq. (|6TD corresponds 
to the interaction part(n > 3) which are all convergent. The function /(/) is derived 
in the next section. We renormalize one and two point vertex function at fiat space 
limit as follows: 


dVeff 


d(j) 


(l>=M 


— ^jn- iiTZM + 

V2 


2^ 


Y1^2im2i(^ - 6)"^ In 

i ^ ' 


m2i^ 

y? 
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IGvr^ 




m2im2j m2i + m2j ^ 




m2i - m2j m2j 


M 


+ 


/'(M) - /'(O) - r (0)M 
1 


7^ 


V2 


JijT?. — ^irTZM, 




eff 


d(p‘^ 


<t)=M 


(62) 

(63) 

m2im2j m2i + m2j ^ 

/i2 


+ 


r(M)-r(o) 


m2i-m2j m2j_ 

7^ (64) 

= (65) 

The effective potential is written in terms of renormalized parameters as follows 

^e//(0) = --^JbK 4> - + ^one— /oop(0) H“ ^counter (0), (66) 


where 


ycounter{<P) = J r)'^4> ~ ~ ^1r)’^0^- 


(67) 


Finally we obtain the effective potential written in terms of renormalized parameters 
defined by Eq.(^) and (|65|) as follows 

Ve/fW = 

L 

+0(7^2), 

where we have omitted the subscript (R). 


+ f{4>) - f'{M){4, - M) -- Mf 


n 

( 68 ) 


4 Wess-Zumino Model with Flat Direction (II) 

In this section we calculate the effective potential by proper-time cutoff regular¬ 
ization. This regularization is exact in curvature, so it is appricable to the very 
early universe. Eliminating the auxiliary helds in the Lagrangian (Eq. (^)) without 
regulators, and setting mi = 0 we obtain the corresponding Euclidean potential: ® 

V = -^i7^(y4i^ -|- Ri^) -|- -(^ 2 "^ ~ '^2)(^2^ +-^2^) — 5'^2^i(^2^ + -^2^) 

®The Euclidean coordinate = ix^; the Euclidean gamma matrices 7^4 = 70, Jei = *7i, and 
7I; = —i^EilE2lE3lEA- In our convention the form of bosonic part of Lagrangian is same as the 
Lorentzian one, so is potantial. We shall omit the subscript E in the following. 
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L 


Ai, Bi 

0 

12^1 

A 2 , B 2 

0 

12^2 + {m 2 + gcp^a^ 

V'l 

1/2 

0 

t/’2 

1/2 

(7712 + g<pya^ 


Table 2: The mass spectrum of the fluctuations with the presence of the vacuum 
expectation value <p. 


+ B^^). (69) 

In Euclidean de Sitter space (5^) IZ = —12a“^, where a = H~^. We decompose the 
scalar fields around the flat direction where (Ai) = 0 as 


(f) + Ai + iBi A2 + iB2 

= — = 


(70) 


We obtain the Lagrangian of the fluctuation of quadratic order: 


e ^£2 = 


—— ^1(1^ + ^iTZ)Ai + i?i(n + ^iTl)Bi — ijjiTpilji 

+A2|tII -|- ^2TZ — (jn2 + 1^2 + -B2|cii -|- ^2TZ — (jn2 + g((>)‘^'^B2 


(nJ2 + 9 


(71) 


and we can read off the effective mass of the fluctuations that depends on the ex¬ 
pectation value 0. The result is summarized in Table From the mass generating 
pattern in Table § and from Appendix |y we can readily obtain the effective poten¬ 
tial. Because the finite part of the effective potential, C^(0), cannot be expressed by 
elementary functions, we must invoke numerical integrations. The analytic evalua¬ 
tion is possible at flat space limitf^ From the general rule in Table ^ in Appendix P, 
we have 


VeffW 


+C>(7^2), 


7 


1 — In 


A^ 


{g(j) + 7712)2 


7^ 

(72) 


^°More precisely, at the limit, g'^(j>^a^ —> 00 and m2^a^ 00. 
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where we recover TZ instead of — 12a“^. We can see that one and two point vertex 
functions are all the divergent parts. We adopt the same renormaliztion condition 
as Eq. (^) and (^). Finally we obtain the explicit form of effective potential 




V2 


In 




6 


get) + m2 


-1^ -2{g(i)-gMf 


[gef) + m 2 )" 


+ C>(7^2 


(73) 


_^gM + m2 ^ 

up to constant. We omitted the subscript (R) in the above expression. Since terms 
of 0”(77, > 3) are independent of regularizations, we set 


/(</>) = 


1-46 


{g4) + m 2 Y In ■ 


A' 


(74) 


Gdvr^ {g(t) + m2Y 

in Eq. (^). The right hand side of Eq. {7A) is robbed from Eq. [72). We then 


hnd that the renormalized effective potential (|68D is the same as one in Eq. ([73|) up 
to 0(77^) terms. This fact means that they give the same effective potential at all 
orders of the curvature, since difference between the two regularizations is to linear 
order in Quadratic and higher order terms in 77 are convergent. 

Note that using proper-time cutoff regularization, the effective action of fermions 
can not be generated. By means of it we can regularize only the one-loop contri¬ 
bution along which a kind of held runs while the effective action of fermions are 
made from the one-loop of several kinds of held. An example with a scalar self- 
coupling and the Yukawa coupling is depicted in Fig. (pd^. Thus we cannot check 
the Ward-Takahashi identity for softly broken SUSY by using proper-time cutoh 
regularization. 

Since 6 represent the strength of a coupling with (classical) gravity, it is plausible 
to assume 6=6 = 6 For the hat direction, which has J ~ 0 and ~ 0, the 
ehective potential becomes 

2 N 




n 


(5(0 +m 2 ) Yin 


g4> + r»2 

gM + m 2 


2{g(t)- gMf 


+ C>(77Q. (75) 


In the large 0 region the asymptotic form of the ehective potential is 


Ve,M) 


® 11 ( 1 ) In 




M 


(76) 


^^From the above argument we deduced that we can naively obtain the same effective potential 
( 1 ?^ ) by means of any possible regularization. Accordingly, our effective potential can possess merits 
of all possible regularizations. 
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Figure 11: The left two is the contributions to scalar four point vertex function 
where the solid line denotes a spinor held and the dashed line denotes a scalar held. 
The remaining is the contribution to spinor four point function. 


where TZ = —12H^. The ehective potential becomes unbounded from below in the 
large 0 region. This behavior is ture also in the large curvature region (Figure ([T^) ). 
This is because there is ^ independent term in the ehective potential. Since one-loop 
approximation is reliable so long as 




In 



;£ 0 ( 1 ). 


(77) 


the ehective curvature coupling constant could ehectively be order unity. Accod- 
ingly, the hat direction is no longer hat. If J or is not so small, tree level potential 
is dominant. In this case no hat direction exists even at tree level (Figure ([T3|) ). 


5 Conclusions and Discussion 

We have found that SUSY in curved space is broken softly in the Wess-Zumino mod¬ 
els. We consider that any suitable regularization must satisfy the Ward-Takahashi 
identity for softly broken SUSY. We found that Pauli-Villars regularization is a 
suitable regularization. 

Using the regularization we calculated the one-loop ehective potential along a 
hat direction in de Sitter space. We calculated it to linear order in the (space-time) 
curvature, or quadratic in the Hubble parameter, and found that it is unbounded 
from below as follows: 

( 78 ) 
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Sk^o^V J3 

eff 



ga(f) 


Figure 12: The one-loop effective potential of the Wess-Zumino model with g = 
0.1, J = 0, 12,^i = 0.001. We have changed only the renormalization point as 
gaM = 0.001,0.01,0.1 with all the other parameters fixed. The tree potential is 
also depicted for a comparison. We hxed ^//(O) = 0. 
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87r^a"^V J 3 
eff 



ga(l> 


Figure 13: The one-loop effective potential of the Wess-Zumino model with g 
0.1, J = 0, = 1/4. The tree potential is also depicted for a comparison. 
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This result means that the effective potential is not flat at large 0 region. 

The effective potential is exactly same as that is obtained by using proper-time 
cutoff regularization which is exact in curvature. The agreement of the two effec¬ 
tive potentials to linear order in the curvature is sufficient, since divergence and 
difference of regularizations appear only to the order. From the above argument the 
effective potential we obtained possesses softly broken SUSY and reliability in the 
large curvature region. 

The numerical calculation is depicted in Figure (|^). It behaves like Eq.([78|) at 
the large 0 region. The outstanding shape of the effective potential disappears as 
H —>■ 0. If the flat direction is not exist at tree level, the potential does not receive 
much quantum correction (Figure (|T^)). 

The form of the effective potential is reliable even after inclusion of the renor¬ 
malization group effect [113. We argued that asymptotic behavior of the one-loop 


effective potential is unavoidable irrespective of matter contents and detail of the 
model if the flat direction couples to a scalar multiplet H-Q 

Let us apply the unbounded potential to the AfHeck-Dine mechanism. The scalar 
field begins to roll down along the unbounded potential in the inflationary era|^ . 
After inflation and by the time when the Hubble parameter becomes comparable to 
the mass of the scalar field, the potential becomes bounded from below. The scalar 
field stops rolling and has a large value along the direction. After that it rolls down 
to a true minimum (the origin). Accordingly, our effective potential will favor their 
mechanism though it is not always flat.|^ 
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Although the effective potential seems to be unbounded from below, (super)gravity shall bound 
the potential at the larger 0 region, [p^ 

^^In the future work we will discuss the application to the Affleck-Dine mechanism in detail. 
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A Notations 

In this paper we use the convention as follows: 


= diag{- + ++) (79) 

e = I I (80) 

^ ^ (si) 

( 82 ) 

7^ = ni. (83) 


For the convetions of Gamma matrices are the same as those in Ref. p| 


B Conformally transformed Wess-Zumino model 


We investigate another reason why SUSY is broken softly in de Sitter space. De 
Sitter space can be written by a conformally flat metric g^v{x) = 

Dehning the tilde helds as 

A = n(x)A, B = Q(x)B 
F = {G(x)}2F, G = {G(a:)}2G 

i’ = 

(84) 


we obtain 


C 


~{d^A ■ d^A + d,B ■ d^B) + 

+a-‘^n^{l - 60 {A^ + B'^) + mn(^AF - RG + 


+g ^{A - -f^B)^ + FA^ - FB^ - 2GAB 


(85) 


a is the radius of de Sitter space. This Lagrangian is corresponding to the Wess- 
Zumino model with a soft SUSY breaking mass term which depends on coordinates. 

is known that the conformal flat metric do not cover the whole de Sitter manifold. So we 
need to attach the patches appropriately. But we ignore this subtlety here. 
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6xRes[C(2)] 

6xRes[C(l)] 

180xC(0) 


real scalar 

1 

—rn?a? -|- 2 

— 60m^a^ 

+ 58 

Major ana spinor 

2 

-2m^a^ - 2 

30m"^a"^ -|- 60m^a^ 

+ 11 

transverse massive vector 

3 

—3m^a^ -|- 3 

45m'^a"‘ — OOm^a^ 

- 21 

Rarit a-Schwinger 

4 

—4m^a^ — 16 

60m^a"^ -|- 480m^a^ 

+ 802 

symmetric transverse 
traceless tensor 

5 

—brri^a? — 10 

75m^a^ + 

' - 10 


Table 3: Some values of the generalized zeta function 


C Proper-time cutoff 


A one-loop effective potential is given by|^, 

3 


VefM = V^(0) + ^{-^Res[C(2)]A^-Res[C(l)]a-2A 
+C(0)[7 - ln(aA)2]a"'‘ - C'(0)a"'^ 


( 86 ) 


V (0) is a tree-level potential and ({n) is generalized zeta functionJI^ on S'^ evaluated 
by Allen |]^. It is convenient to translate his results in terms of effective masses 
in the wave operator A = —□ -|- For spinorial helds A = {Tj) — m)\Tp — m). 
Some relevant values are summarized in Table |^. On the other hand, the derivative 
of zeta function at s = 0, C^O); is given by 


C'(0) = --(2L + 1) 


rviL) 


+ 


h 


1x2 


^p(L + - + ix) 


+ --ix'^ 

“(^+ 9 ) + 


dx c[L) -|- —(2T -1- 1) 
o 




(87) 


where constants y{L) and c{L) are given in Table In the above expression, 'ijj{s) 
is the digamma function and Cr{s, a) is the extended Riemann’s zeta function. The 
integral in Eq.(P7|) cannot be done analytically but we can evaluate the asymptotic 
behavior at —>■ cx) by using the asymptotic form of the digamma function |20 


We may also evaluate the integral Eq. ( 0 ) numerically. In Table |^, the asymptotic 
form of C^(0) s-f ^ 00 are presented. 



































L 

viL) 


c(L) 

0 

0 

- 

■9/4 

+ || 

0 

1/2 

\ma\ 


+ ^77^2^2 


1 

^Jw?a^ — 

13/4 

+ ||| 


3/2 

\ma\ 



h^^u 

2 


17/4 

12 '"' “ is"'' “ 576 


Table 4: Some constants appearing in Eq. (|87D 


180xC'(0) at rri^a? —*• cx) 

(f) —15m^a"^(lnm^a^ — 3/2) + 60m^a^(lnm^a^ — 1) — 58 In + ■ ■ ■ 

'll) — SOm'^a^(Inrri^a^ ~ 3/2) — 60m^a^(lnm^a^ — 1) — 11 In+ ■ ■ ■ 

—45771"^ (In — 3/2) + 90m^a^(lnm^a^ — 1) + 21 In + ■ ■ ■ 

(In — 3/2) — 480m^(In ~ 1) ~ 802 In + ■ ■ ■ 
h^’-' 75m"^ (In — 3/2) — 300m^ (In — 1) + 10 In + ■ ■ ■ 

Table 5: The asymptotic forms of a derivative of the generalized zeta fnnction at 
s = 0 
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